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Abstract. We show that certain field theory models, although non-integrable according to the usual definition of integrability,
share some of the features of integrable theories for certain configurations. Here we discuss our attempt to define a “quasi-
integrable theory”, through a concrete example: a deformation of the (integrable) sine-Gordon potential. The techniques
used to describe and define this concept are both analytical and numerical. The zero-curvature representation and the
abelianisation procedure commonly used in integrable field theories are adapted to this new case and we show that they
produce asymptotically conserved charges that can then be observed in the simulations of scattering of solitons.
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INTRODUCTION
The integrability of a finite degree of freedom dynamical system is related to the fact that the system possesses as many
conserved quantities as its number of degrees of freedom. For field theories this concept is much harder to define since
the number of degrees of freedom is infinite: having an infinite number of conserved charges does not imply that we
have them all. Although the real physical World is certainly non-integrable, integrable models are important as they
can be used as approximations to the description of many real phenomena with good accuracy.
The standard definition of integrability for field theories in (1+ 1) dimensions is usually provided in terms of the
existence of the Lax pair or the so-called Lax-Zakharov-Shabat equation [1][2], which is then shown to produce the
infinite number of conserved quantities responsible for the stability of soliton solutions in these theories. However, it
has also been observed that some non-integrable models can also possess soliton-like configurations which behave not
very differently from solitons in integrable models. This has been observed even in (2+1) dimensions; the examples
here are e.g. the Ward modified chiral models and the baby Skyrme models with many potentials.
These facts suggest the following question: can we go beyond integrability and define quasi-integrability (or almost
integrability)? And if we can would it be relevant for all configurations or just for some very special ones? Is there
anything else we could say about such “almost” integrable models? Is it possible to quantify how integrable such
system are?
This is certainly not the first time such questions have been formulated and is certainly not the last one. We do not
have an answer for our questions but we do have some clues and these clues are based on some concrete examples. Here
we will discuss one of them; based on what was observed we have formulated our first definition of a quasi-integrable
model.[3] and [4] Our definition can be summarized as follows.
Consider a (1+1) dimensional field theory with soliton-like solutions that has an infinite number of quasi-conserved
quantities Qn, n ∈ ZZ,
dQn
dt
= αn.
The αn is called an anomaly and it vanishes when the theory is integrable for all field configurations. Moreover, it also
vanishes in an quasi-integrable theory but only for one-soliton static configutations. However, when one considers αn
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for two solitons configurations in these theories the anomaly has the intriguing property∫ +∞
−∞
dt αn = 0,
which implies that the charges are asymptotically conserved:
Qn(t =−∞) = Qn(t =+∞).
If the model possesses breather-like field configurations we have instead∫ T
0
dt αn = 0 ⇒ Qn(t) = Qn(t+T ).
where T is some period defined by the particular breather solution under consideration.
A CONCRETE EXAMPLE
The first model where the properties above mentioned were first observed was the scalar field theory with potential
V (ϕ,ε) =
2
(2+ ε)2
tan2(ϕ)
(
1−|sinϕ|2+ε)2 , (1)
with ε a parameter defining a deformation from the sine-Gordon potential, that can be recovered by taking ε = 0:
V (ϕ,0) = 116 (1− cos(4ϕ)).
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FIGURE 1. The potential for different values of ε . The dashed line is for ε =−0.5, the full line is for ε = 0.0 and the dotted line
for ε = 0.5.
The infinite number of degenerate vacua of the theory allows for the existence of kink solutions (satisfying
Bogomolnyi bound) given by
ϕ =±arcsin
(
e2Γ
1+ e2Γ
) 1
2+ε
+ lpi, Γ=± (x− x0− vt)√
1− v2 . (2)
Note that when ε 6= 0 there are two types of kinks, of topological charge +1 and two types of anti-kinks, of
topological charge −1. The topological charges are given by the product of the factors ±1 in Γ and in ϕ above.
The existence of two classes of kinks and anti-kinks is due to the fact that for ε 6= 0 the discrete symmetry of the
potential is ϕ → ϕ+ lpi , l ∈ ZZ and not ϕ → ϕ+ l pi2 , as in the ε = 0 case.
The features that we believe are a fingerprint of a quasi-integrable theory were discovered in this model when
we considered the scatteing of two kinks and of a kink-antikink. Surprisingly (since the model is definitely non-
integrable) the two kinks scattered with very little radiation being emitted and for a kink-antikink (started from rest)
their configuration lived beyond any expectation behaving like a slowly decaying breather. This behaviour can be
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FIGURE 2. The vacua are independent of ε and therefore they are the same as in the sine-Gordon theory.
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FIGURE 3. There are two types of kinks and anti-kinks. The full and dashed lines are kinks with l = 0,1 respectively while the
dotted and dot-dashed lines are anti-kinks, again with l = 0,1 respectively.
explained by the existence of an infinite number of charges where the first non-trivial one is given by (∂− ≡ ∂t − ∂x
and V ′ ≡ dVdϕ )
Q=
∫ +∞
−∞
dx
(
4(∂−ϕ)4+∂−ϕ∂ 3−ϕ+∂
2
−ϕ V
′+(∂−ϕ)2(V ′′+16V −1)
)
It is not fully conserved in time, but it is quasi-conserved or asymptotically conserved as showed in figure 4.
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Figure 7. Anomalies and the corresponding integrated anomalies (from left to right and then
down) for n = 2.0, n = 1.99, n = 2.01, n = 0.1, n = 5.5, n = 16.0.
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Figure 8. a) Time dependence of the total energy seen seen for n = 16., b) field configuration at
t = 400, c) Time integrated anomaly for n = 15.5 on a too small grid, d) on a large enough grid.
do form a breather. If we then absorb the energy at the boundaries the system stabilises
and essentially stops emitting further energy as the fields have taken the shape of a breather
which is a time dependent solution of the model.
It is sometimes thought that the existence of breathers and of other similar configura-
tions (wobbles etc) is, at least in part, associated with the integrability of the sine-Gordon
– 25 –
Tuesday, 16 July 13
FIGURE 4. Plot of Q(t)−Q(0) against time t.
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The quasi-zero curvature condition
The behaviour of the observed breather-like structure suggests that the considered model (arising from a defor-
mation of an integrable one) might possess some features that are similar to the original one. The zero curvature
condition provides a way to quantify how much a non-vanishing ε makes the theory non-integrable. To perform this
quantification we can proceed as follows. For a given potential V we first construct the Lax pair potentials as
A+ =
1
2
(
(ω2V −m)b1− iω dVdϕ F1
)
, A− =
1
2
b−1− i2ω∂−ϕF0
with the use of the light-cone coordinates x± = 12 (t± x) and the sl(2) loop algebra with generators
b2m+1 ≡ λm(T++λT−), F2m+1 ≡ λm(T+−λT−), F2m ≡ 2λmT3.
and
[T3,T±] =±T±, [T+,T−] = 2T3.
Then the compatibility condition for this Lax pair, or the curvature of the connection Aµ , takes the form
F+− = ∂+A−−∂−A++[A+,A−] = XF1− iω2
(
∂ 2ϕ+
∂V
∂ϕ
)
F0, (3)
where
X =
iω
2
∂−ϕ
(
d2V
dϕ2
+ω2V −m
)
(4)
is our anomaly.
Note that the last term in (3) vanishes once ϕ is a solution of the equation of motion. In the particular case of V
given by (1), X vanishes if ε = 0, i.e. for V = 116 (1− cos(4ϕ)) (ω = 4, m = 1). We shall refer to equation (3) as the
quasi-zero curvature equation.
Using the gauge covariance of (3) it is convenient to change to new Lax potentials Aµ → aµ = gAµg−1− ∂µgg−1
with g= exp(∑∞n=1 ζnFn), where ζn are functions to be chosen such that the Fn−1 components of
A− → a− = 12b−1−
1
2
ζ1 [b−1,F1]− i2ω∂−ϕF0−
1
2
ζ2 [b−1,F2]+
1
4
ζ 21 [[b−1,F1] ,F1]
− i
2
ω∂−ϕζ1 [F1,F0]−∂−ζ1F1 . . .− 12ζn [b−1,Fn]+ . . .
vanish. As a result the Lax potential gets rotated into the subalgebra
a− =
1
2
b−1+
∞
∑
n=0
a(2n+1)− b2n+1 (5)
with
a(1)− =−
1
4
ω2(∂−ϕ)2, a
(3)
− =−
1
16
ω4(∂−ϕ)4− 14ω
2∂ 3−ϕ∂−ϕ, . . .
with no use of the equations of motion. In a similar way the A+ potential is transformed into a+; however, now
equations of motion are used and and one gets
a+ =
∞
∑
n=0
a(2n+1)+ b2n+1+
∞
∑
n=2
c(n)+ Fn;
The quantities c(n)+ are proportional to the anomaly X and its derivatives.
Under this gauge transformation the curvature transforms as F+− → gF+−g−1 = ∂+a− − ∂−a+ + [a+,a−] =
XgF1g−1 and its components, in the abelian sub-algebra, define the quasi-continuity equation
∂+a
(2n+1)
− −∂−a(2n+1)+ = β (2n+1) n= 0,1,2, . . . (6)
The concept of quasi-integrability February 27, 2018 4
with
β (1) = 0, β (3) = iω∂ 2−ϕX , . . .
From it, the quantities
Q(2n+1) ≡
∫ +∞
−∞
dx a(2n+1)x , α(2n+1) ≡
∫ +∞
−∞
dx β (2n+1),
where a(2n+1)x = 12
(
a(2n+1)+ −a(2n+1)−
)
arise naturally, and we end up with the desired quasi-conservation laws
dQ(1)
dt
= 0
dQ(2n+1)
dt
=−1
2
α(2n+1) n= 1,2, . . . (7)
The parity argument
The asymptotic conservation of the quantities Q(2n+1) defined above takes place when the field configurations satisfy
a very specific behaviour under the very special space-time parity transformations P : (x˜, t˜)→ (−x˜,−t˜), with x˜= x−x∆
and t˜ = t− t∆, x∆ and t∆ being dependent on the parameters of the field configuration.
Suppose that for such configuration P(ϕ) = −ϕ + const. and P(V ) = V . This transformation combined with the
order two automorphism of the algebra Σ(b2n+1) =−b2n+1, Σ(F2n) =−F2n, Σ(F2n+1) = F2n+1 leads to the mirror-like
property of the charges Q(2n+1):
Q(2n+1)(t = t˜0+ t∆) = Q(2n+1)(t =−t˜0+ t∆). (8)
Thus, what determines the asymptotic conservation or the quasi-conservation of the charges are the properties of
the anomaly α(2n+1). In order to evaluate this quantity we perform an expansion of the equation of motion, as well as
of the field configuration (and all parameters), in powers of ε:
ϕ = ϕ0+ εϕ1+ ε2ϕ2+ · · · V =V |ε=0+ dVdε |ε=0ε+ · · ·
At order zero one gets the integrable field equation ∂ 2ϕ0+ 14 sin(4ϕ0) = 0. At first order, ϕ1 has to satisfy the equation
of motion
∂ 2ϕ1+ cos(4ϕ0)ϕ1 = sin(ϕ0)cos(ϕ0)
[
2sin2(ϕ0) ln(sin2(ϕ0))+ cos2(ϕ0)
]
.
Next we have to analyse the behaviour of all these expressions under the parity transformation. We know that the
sine-Gordon exact two-soliton solution ϕ0 is odd under P, i.e., P(ϕ0) = −ϕ0 +pi . Then, for the next order terms, we
introduce ϕ(±)1 =
1
2 (1±P)ϕ1, corresponding to the even and odd parts of the field configuration under our parity
transformation. Then we find that the odd parts ϕ(−)1 satisfy linear non-homogeneous equations and that the even parts
ϕ(+)1 satisfy linear homogeneous equations. This suggests that for the even part there is the trivial solution ϕ
(+)
1 = 0,
while this is not the case for the odd part. Then, if ϕ1 is a solution, so is ϕ1− ϕ(+)1 , which is odd under P. This
argument can be extended to all orders of perturbation in ε . The anomaly for these odd two-soliton solutions vanishes
in all orders of perturbation and therefore we have our quasi-conservation property.
NUMERICAL SUPPORT
The quasi-conservation law discussed above has also been seen in numerical simulations in the scattering of two kinks,
kink and anti-kink and in a system with two kinks and an anti-kink. To perform their time evolution the fourth-order
Runge-Kutta method was used with a lattice of 10001 equally spaced points with size of around 30 times the size
of the kink. Specific boundary conditions were used in order to absorb the radiation at the borders (not to have any
reflections).
Below we present the values obtained for Q(3)(t)−Q(0)(t) from these simulations. Figure 5 corroborates the fact
that the anomaly for the integrable sine-Gordon model (ε = 0) vanishes.
For other values of ε 6= 0 we see the asymptotic conservation, as predicted analytically. In figure 6 we present the
plots of the values of Q(3)(t)−Q(0)(t) for ε very close to zero, and in figure 7 for values of ε not so close.
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Figure 7. Anomalies and the corresponding integrated anomalies (from left to right and then
down) for n = 2.0, n = 1.99, n = 2.01, n = 0.1, n = 5.5, n = 16.0.
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Figure 8. a) Time dependence of the total energy seen seen for n = 16., b) field configuration at
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and essentially stops emitting further energy as the fields have taken the shape of a breather
which is a time dependent solution of the model.
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FIGURE 5. Q(3)(t)−Q(0)(t) for ε = 0.0
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FIGURE 6. Q(3)(t)−Q(0)(t) for ε =−0.01 and ε = 0.01.J
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Figure 7. Anomalies and the corresponding integrated anomalies (from left to right and then
down) for n = 2.0, n = 1.99, n = 2. 1, n = 0.1, n = 5.5, n = 16.0.
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Figure 8. a) Time dependence of the total energy seen seen for n = 16., b) field configuration at
t = 400, c) Time integrated anomaly for n = 15.5 on a too small grid, d) on a large enough grid.
do form a breather. If we then absorb the energy at the boundaries the system stabilises
and esse ially stops emitting further e ergy as the fields have taken the s ape of a breather
which is a time dependent solution of the model.
It is sometimes thought that the existence of breathers and of other similar configura-
tions (wobbles etc) is, at least in part, associated with the integrability of the sine-Gordon
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FIGURE 7. Q(3)(t)−Q(0)(t) for ε =−1.9 and ε = 3.5.
FINAL REMARKS
The deformation of the sine-Gordon model considered here [3] allows certain field configurations to behave in a
fashion similar to those of the integrable theory. This may happen for very many deformations and we hope that
quasi-integrability may be a new non-li ear phenomenon. Once the methods to define it properly and to understand
it are setted, and we have started doing this through the study of this model (and on the way adapting the well-
known algebraic techniques from the study of solitons) quasi-integrability may become as useful as integrability itself,
leading to a wide range of applications, specially because of the possibility of dealing with cases which lie outside
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the areas covered by integrability. The main ingredient in our understanding of quasi-integrability at the moment is
the parity transformation; however, it is not clear yet whether this property is fundamental or descendent from more
general principles. Or for that matter what really are the physical principles behind the tuning of the properties of the
field configuration giving the desired behaviour under parity. Recently, we have also considered deformations of the
integrable non-linear Schrödinger model [4] and the method developed here was there also successfully applied. This
suggests to us that we are on a promising track. But the real next step will involve generalising our approach to study
quasi-integrability in higher (i.e. more physical) dimensions.
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